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Abstract 

In this paper, we give a new formulation of invariant theory for elliptic 
Weyl group using the group 0(2, n). As an elliptic Weyl group quotient, 
we define a suitable C*-bundle. We show that it has a conformal Frobenius 
structure which we define in this paper. Then its good section could be 
identified with a Frobenius manifold which we constructed in 1131. 



1 Introduction 

Motivated by a period mapping for a primitive form j£j for an unfolding of a 
function with a simple elliptic singularity, an elliptic root system is introduced 
[10]. On the quotient space Ea//VF of the domain Ea by an elliptic Weyl group 
W, a flat holomorphic metric is constructed by |llj and Frobenius manifold 
structure is constructed by [13| . 

Here the domain is not canonical, that is, it depends on the choice of a 
marking a. Then we set the following problems. 

Problem 1: What is a relation between the elliptic Weyl group quotient 
spaces Ka//W and Eq///VF^ for different markings a and a'? 

Problem 2: What is a relation between the Frobenius manifold structure on 
them? 

By definition, an elliptic root system is a root system belonging to a vec- 
tor space with an inner produce with a signature (0, 2, 1) where we denote by 
numbers of positive, and negative eigenvalues respectively (we 
choose a negative semi-definite inner product). A domain Eq corresponds to 
a hyperbolic extension with a signature (1, 1, Z -f 1). 

In this paper, we consider 2-extension with a signature (2, 0,^-1-2) and con- 
struct a C*-bundle 

p: ^V{D^), (1.1) 

where is a quadric hypersurface of a suitable domain D and P(_D^) = ZJ^/C*. 
They corresponds to the group 0(2,0, ^ + 2). Then we find that E^ could be 
canonically identified with a section of p. 
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This formulation is good from the viewpoint of the group action of the 
automorphism of an eUiptic root system. We find that a central extension 
group of the group of the automorphisms of an elliptic root system is naturally 
defined in our formulation and this group acts on the C*-bundle p equivariantly. 
The fact that this action changes a section of p, corresponds to the fact that 
this group is not contained in 0(1, 1, 1 + 1). 

We see a Frobcnius manifold structure. The elliptic Weyl group is con- 
structed as a subgroup of 0(2,0, n) and denote it by W^, which is isomorphic 
to W. Then the Weyl group quotient: 

p: D^//W^ ^F{D^)//W^ (1.2) 

is again a C*-bundlc and the space Ea/ /W gives a section of it. Since Ea/ /W 
is a Frobcnius manifold, the base space P{D'^)/ /W'^ is also a Frobenius mani- 
fold. But if we choose another marking a' and a corresponding another section 
^a'//W, then F{D'^)/ /W'^ has a structure of another Frobenius manifold. In 
fact, except holomorphic metrics, these two Frobenius manifold structures are 
same. For holomorphic metrics, they are conformally equivalent. 

Thus we introduce a notion of conformal Frobenius structure and we prove 
that p : D^//W^ — > F(D^)/ /W^ has essentially unique conformal Frobenius 
structure. For any marking a, a Frobenius manifold structure of Ea/ /W is 
obtained from this conformal Frobcnius manifold structure. This clarifies the 
relation of the Frobenius manifold structures of E^/ /W and E^/ / /W'^. 

Also we see that the conformal Frobenius structure has an action of a (central 
extension of) automorphism group of the elliptic root system. This clarifies the 
meaning of a conformal transformation in [T^] (see Remark 1 5. 4p . 

This paper is organaized as follows. 

In Section 2, we define 2-extension for elliptic root system and define an 
elliptic Weyl group and a C*-bundle p : D'^ ^ P(I?^). We introduce open 

o o 

subsets of a C*-bundle p -.D^^ ¥{D^) whose complements are zero of roots. 

o o 

Then we take an eUiptic Weyl group quotient p -.D^ /W^ V{D^)/W^. We 

o 

call them "analytic Weyl group quotient spaces". On the space /W^, we 
define a tensor /*„ derived from an inner product of the elliptic root system. 

In Section 3, we define elliptic Weyl group invariant rings. We define "al- 
gebraic Weyl group quotient spaces" p : / /W^ ¥{D'^)/ /W"^ by taking 
Specan of these elliptic Weyl group invariant rings. On the space D'^//W^, we 
also define a tensor ^^2//^y2. derived from an inner product of the elliptic root 
system. Our theorems are stated for "algebraic Weyl group quotient spaces". 
But for proofs, we utilize "analytic Weyl group quotient spaces" . 

In Section 4, we introduce a notion of conformal Frobenius structure and 
state that a C*-bundle p : D'^/fW'^ F{D'^)//W'^ has essentially unique con- 
formal Frobenius structure. We also show that a group of central extension of 
automorphism group of the elliptic root system acts on the conformal Frobenius 
structure. 
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In Section 5, We give proofs. We relate our formulation with a formulation 
of [11] and [13] in which the space Eq is used. We obtain the existence of a 
conformal Frobenius structure by this comparison. For a uniqueness theorem, 
we use a conformal deformation of a holomorphic metric of a Frobenius manifold. 

We use the following terminologies. 

For a complex manifold M, we denote by Om (resp. 6a/) the sheaf of 

holomorphic functions (rcsp. holomorphic 1-forms, holomorphic vector fields). 
We denote by 0{M) (resp. n^{M), e(M)) the module T{M,Om) (resp. 

r{M,nlj), r(M,eA/)). 

Let be a sheaf on the complex manifold N. For a morphism / : M — > TV of 
complex manifolds M and N , we denote by /* the following natural morphism 

r ■.TiN,T)^T{MJ*T). (1.3) 

induced by ^ j^^T . 

For an isomorphism f : AI ^ M , we have canonical isomorphisms f*^\/j — — > 
and f*QM Qm- Then the morphism (jl.Sp induces 

/* : r(Af, {n\,r^ ®o., {QMf') ^ m, (nl^r^ ®o„ ieMf'^). (1.4) 

For a C*-bundlc p : L M and the isomorphism / of the C*-bundlc: 

L — ^ L 

p| p|, (1.5) 

M — ^ M 

we have r{p*n\j) ~ p*/*^^!/ ^ P*^m and /*(p*eM) ^ P*/*eA/ ^ p*eA/. 
Then the morphism (|1.3|1 induces 

r : r(L, (p*i]i,)®?'®o, (p*eA/)®«) ^ r(i, (p*r!l,)®f iP^QAif"). (1.6) 

2 Analytic Weyl group quotient space 
2.1 Elliptic root system 

In this subsection, we define an elliptic root system, its orientation and 2- 
extension. 

2.1.1 Definition of elliptic root system 

Let I be a positive integer. Let be a real vector space of rank / + 2 with 
a negative semi-definite or positive semi-definite symmetric bilinear form Ip : 
F X F ^ R, whose radical radlp := {x € F \ If{x, y) = 0, Vj/ G F} is a vector 
space of rank 2. For a non-isotropic element a € F (i.e. //?(«, a) ^ 0), we put 
:= 2a/ If{oi, a) G F. The reflection Wa with respect to a is defined by 

Wa{u) ■.= u- lF{u,Q^)a {\/ueF). (2.1) 
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Definition 2.1. ((TUl p. 104, Def. 1]) A set R of non-isotropic elements of F 
is an elliptic root system belonging to {F,Ip) if it satisfies the axioms 1-4: 

1. The additive group generated by R in F , denoted by Q{R), is a full sub- 
lattice of F. That is, the embedding Q(R) C F induces the isomorphism : 
Q{R) (g)zM~i^. 

2. lF{a,l3^) el. for a, [3 e R. 

3. Wa{R) = R for\fa G R. 

4- If R~ RiU i?2 , with Ri L R2, then either Ri or R2 is void. 

2.1.2 Definition of orientation 

For an elliptic root system R belonging to {F,Ip), the additive group rad/j? n 
Q{R) is isomorphic to 1?. 

Definition 2.2. An elliptic root system R is called oriented if the R-vector 
space radlp is oriented. An ordered pair {a, b} of radlp is called an oriented 
basis if it gives an M.-basis ofvadlp and it gives the orientation o/rad/F- 

2.1.3 Definition of a signed marking 

Definition 2.3. Let R be an elliptic root system R belonging to {F,Ip). By 
a signed marking, we mean a non-zero element a of rad/^? n Q{R) such that 
Q{R) n Ra = Za and the quotient root system R/Ra (:= Image(i? ^ F —f 
F/Ra)) is reduced (i.e. a,ca € R/Ra implies c € {±1}J. We denote the set of 
a signed marking by Az- 

Hereafter we assume that 7^ 0. 

2.1.4 2-extension 

We define a 2-cxtension. Let be a real vector space of rank I + 4 and 
Ip2 : X i^^ R an M-symmetric bilinear form. The pair (F^ , Ip2 ) is called a 
2-extension of {F,Ip) if F^ contains F as a linear subspace, ia.dlp2 — {0} and 
Ip2 \p = Ip. Ip2 is indefinite symmetric bilinear form with signature of (2, / + 2) 
or {l-\-2, 2) according to I is negative semi-definite or positive semi-definite. A 2- 
extension is unique up to isomorphism. Hereafter we fix a hyperbolic extension 

{F\lp2). 

2.2 Orthogonal group and Weyl group 

2.2.1 Definition of an Orthogonal group and a Weyl group 

In this subsection, we define a parabolic subgroup of an orthogonal group and 
Weyl group. 
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Let := (X)k C, (rad/p)c := radip (X)r C. Ip2 is a C-bilinear extension 
of Ip2 . We put Wa{u) := u — Ip2 (u, a'^)a for u G F^- 
We define the groups 



5i(rad/_F) 


:= {g e GL(rad/F) | dct.g = 1 }, 


(2.2) 


0{F) 


:= {g e GL{F)\Ip{gx,gy) = Ip{x,y), Va;,y e F}, 


(2.3) 


0+(F) 


:= {g e 0(F) 1 g|rad/r e ^i(rad/;^) }, 


(2.4) 


Aut(R) 


:= {g e GF(F) |.g(i?) = i?, .9 G 0+(F)}, 


(2.5) 


0{Fl) 


:= {.g e GF(F2) I Ip2 {gx, gy) = Ip2 (x, y), Vs, y G F^}, 


(2.6) 


0+{FlF) 


{5 e 0{Fl)\g{F) C F, G 0+(F)}, 


(2.7) 




:= (w„GO+(F^,F)|aGi?). 


(2.8) 



The natural morphism 

n'^ ■.0+{Fl,F)^0+{F) (2.9) 



is surjective. We put 

Kl:^kevn\ (2.10) 
if|:=ker(^2|^^)^ ^2.11) 

Au^t{R) -.^iTT^y^iAutiR)). (2.12) 
2.2.2 Properties of an orthogonal group 

Proposition 2.4. 1) The group 0+{Fl,F) acts on the flag F^ Z) F Z) radlp. 

2) The group is isomorphic to additive group C and it is contained in the 
center ofO+{F^F). 

3) The group Aut{R) contains as a normal subgroup. 

Proof. By definition, we obtain 1). We obtain 2) by direct calculation. Since 
gwag'^ = Wgia) for g G Aut{R), we obtain 3). □ 

2.3 Description of a center 

In this subsection, we construct the canonical group isomorphism p : C — !■ Kc 
by the aid of the Eichlcr-Sicgel transformation ((TOl p93]). 
We define the Eichler-Siegel transformation by 

F5:F^®ci^C^Endc(F^), ^ a, ® u - ^ a,/^2 (m, ft). (2.13) 

i i 

Here F^ F^ has the semi-group structure by the product 

(^^Ui(g)Vi)o(^^Wj(^Xj) = {^^Ui^Vi) + C^Wj(^Xj) — C^Ip2{Vi,Wj)Ui^Xj). 
i j i j i,3 

(2.14) 

Then ES is a semi-group isomorphism. 
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Proposition 2.5. 1) ES induces the isomorphism A^(rad/i?)c to K^. 

2) A semigroup 

R>o(sgn(/i.))(a ® 6 - & (g) a) n ES-\W^) (~ Z>o) (2.15) 

has the unique generator qq, where sgii{Ip) is ±1 according to Ip is positive 
semi-definite or negative semi-definite. 

3) The morphism ES and depend on the normalization of Ip. But the mor- 
phism 

p:C^ Kc, ESigo ® a) (2.16) 
does not depend on a scalar multiplication (K^ ) of Ip2. 

Proof. Wc could intcrprete the morphism tt^ : {F^, F) 0+(F) into the 

spaces F^ Fc ^ ®k F/radIp by the morphism £^5*. Then we have a 

result. □ 

Remark 2.6. The element go is exactly written by the notion of marked ex- 
tended affine root system as go = {In : /) ^""'^+^ {a(^b—bi^a), if a, b are oriented 
basis and r&dip n Q{R) - la® Zb. See QM'^p27 (2.6.2)]. 



2.4 C*-bundles 
2.4.1 Preparations 



Wc arbitrary fix an oriented basis a, 6. Wc put (F^)* Homc(Jc, C), (xadlp)\ 



Homc((rad/F)c5 C). Wc denote a natural pairing x [F"^* ^ C by 
A non-degenerate C-blincar form /(j^aj gives a dual C-blinear form I(^p2)» ■ 

{Fir X {Fir ^ c. ' 

The group GL{FD gives the left action on the space {FD* by 

{g-^ ■a,x) = {a,g-x) (2.17) 
for Va G F2,Vx G (F2)*,V.g G Gi(F2). 

2.4.2 Definition of C* bundles 

Wc put 

D:={xe {Fir I {a, x) ^ 0, {b, x) + 0, Im > }, (2.18) 

(a, x) 

■.= {x^D\I^^p.y{x,x)^^}, (2.19) 
H,,a// := {x G (rad/i.)J | (a,x) ^ 0, (fe, a;) ^ 0, Imj^ > 0}. (2.20) 

These arc complex manifolds and do not depend on the choice of an oriented 
basis a, 6, but depend only on the orientation. 
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We introduce group actions. Since the spaces (F^)* and {ladlp)^ are C- 
vector spaces, they have a natural C*-action. It induces C*-actions on and 

^{a):D^^D^, x a ■ x (ia e C*), (2.21) 
i^{a) -.mhaif-^Mhaif, x^a-x {VaeC*). (2.22) 

The group Aut{R) acts on (F^)* and (rad/i?)J by (|2.17p . We could easily check 
that this action induces the actions 

ip{g) : ^ (Vg G AM{R)), (2.23) 

^{g) : m^aif ^ H,,a// (Vg G A^t{R)). (2.24) 

Wc define C*-quoticnt spaces 

P{D'^) L>VC*, (2.25) 
F{mhaif):^Mhaif/C*. (2.26) 

These spaces are complex manifolds and they have Aut(i?)-actions. The C*- 
bundles p : D"^ fiD"^), p : Mhaif -> P(Mhaif) are Iut(i?)-equivariant. 



Wc have a natural diagram: 



half 

p . (2.27) 



This diagram is a C*-equivariant morphism from P{D'^) to Mhaij 

¥{M.haif)- Thus this diagram is cartesian. Also this diagram is AMi(i?)-equivariant. 

2.5 A tensor on the domain 

2.5.1 Definition of a holomorphic metric on D 

First we define a holomorphic metric Id on D. Since D is an open set of an 
affine space, there exists uniquely the holomorphic metric Id on D: 

Id eT{D,n],®On^D) (2-28) 
characterized by the property that on each p G Z?, it gives 

IdA^^S') := I(^p2y{fp{6)Jp{S')) (V,5,<5' G TpD) (2.29) 

where fp : TpD ^ {F^)* is a canonical isomorphism. 
By this definition, we have 

ifigyiD^lD {ygeMd{R)), (2.30) 
i^iayiD = a^lD (Va G C*). (2.31) 
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2.5.2 Definition of a tensor on 

We define a tensor on . We define j J' /^i € r(D^, fi^a^o^a ^ijs) as a pull-back 
of Id e ^iD, Q]^ ®Od ^zj) by the inclusion ji : D"^ ^ D. 

Proposition 2.7. There exists uniquely an element I]j2 E r(D'^ ,p*np^^2-f^o,j2 
p*r2pj.^2-|) such that its image by the morphism 

T{D\p*nl^^2^ ®o^2 P*^l(D^)) ^ T{D\ n],., ®o^2 nl^) (2.32) 

is JiId- The tensor I £,2 gives a non- degenerate 0]j2 -symmetric bilinear form 
on p*9p(n2). 

Proof. For x E D^, the radical of C-blincar form {jllD)x ■ T^D"^ x T^D"^ C 
is just a kernel of {p*)x '■ T^D'^ — > Tp(^^)¥{D^). Thus {jllD)x gives a non- 
degenerate C-bilinear form on T^D'^ /'kei(pif)x- Thereby we have a result. □ 

By this proposition, wc define its dual 

I*D2 G T{D\p*QriD-) ®o^2 P*&nD^})- (2-33) 
By a uniqueness of /£)2 and equations (|2.30p . (|2.3ip . we have 

vigyih^^ih^ (ygeMdiR)), (2.34) 

'ip{a)*I}y2 = a"^/|)2 (Va £ C*). (2.35) 

2.6 Definition of the analytic Weyl group quotient 
2.6.1 Open subset of the domain 

For the open subsets of and P(D^), we define VK^-quoticnt space and a tensor 
on it. 

Wc put 

o 

D^:= {x e I (a, x) ^ (Va G R) }, (2.36) 

O O 

P{D^) -.^D^ /C*, (2.37) 

o o 

whose complement is a reflection hyperplanes. Then p -.D^^ P{D'^) is a C*- 
bundle and the diagram 

> Mhalf 

p\ \p (2.38) 

_^ O 

is Aw^(i?)-cquivariant and cartesian. Since j2 '-D^-^ is an open immersion, 

o 

7o/n2 is an element of r(_D^,p*6 o ®n „ P*6 = )■ Wc put /*„ := ?n/n2- 

^ ^ \ '-r ^o2 v(D^) 1)2 -"^ 
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Proposition 2.8. The group acts on and¥{D'^) properly discontinuous 
and fixed point free. 

o o 

Proof. Since p -.D^^ P(Z)^) is M^^-equivariant, we should only prove this Propo- 

o 

sition for P(Z?^), which will be shown in Proposition 15.51 □ 
2.6.2 Definition of an analytic Weyl group quotient 

o 

Since M^^-action and C*-action are commutative, we have a C*-bundlc p -.D^ 

o 

/W^ -> F{D^)/W^. In the following diagram: 

> /W^ > Mhaif 

33 



(2.39) 

P(i?2) , F{D^)/W^ . P(H,,a//) 

i-3 

all morphisms arc A?7i(i?)-cquivariant and both squares are cartesian. 
2.6.3 A tensor on an analytic Weyl group quotient space 

o 

We define a tensor on D"^ /W"^. Since /*„ is W^^-invariant by (j2.34p and 

o 

i-i ■.D'^^D'^ IW'^ is etale, there exists uniquely a tensor /* e T(D'^ /W'^,p*Q o C 
p*Q o ) satisfying = /*„ . 

By a uniqueness of /*„ and equations (|2.34p . (|2.35p . we have 

ip{gyn = n (Vg e A^t{R)), (2.40) 

^(a)*ro ^a-^n (VaeC*). (2.41) 

3 Algebraic Weyl group quotient spaces 

3.1 Definition of Weyl group invariant rings 
3.1.1 Definition of Weyl group invariants 

In this subsection, we define the Weyl group invariant ring for the oriented 
elliptic root system with Az 7^ 0. 

By the diagram (j2.27p . we have the morphism: 

n: ^FiMhaif). (3.1) 
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We define an C'p(n^„,^)-niodules. For k,m gZ, we put 

S^^k,m(.U) := {/ e ^.Oz5.(C/)|^(.9)*/ = /(V.g G W'), (3.2) 

V'(«)7 = a-^/(VaeC*)}, 

for an open set U C V{Mhaif)- Here p : C ^ i^c is defined in Proposition 12.51 

3.1.2 Definition of Weyl group invariant rings 

We define the C'p(]a^^j^)-graded algebras by 

3.1.3 Automorphism group action on the Weyl group invariant rings 

In this subsection, we define an Aut(i?)-action and a C*-action on the ringed 
spaces (F(IHI,,a;/),5^2_»^J etc. 

Since the group Aut{R) acts on , we have 

Od- ^ v{g)*OD- , / ^ / o ^{g) (3.4) 

for a local section / of 0^)2 . Taking a direct image by tt, we have 

tt.Od^- ^ ^M9)*Od'2 ^ ^ig),7T,OD2 . (3.5) 

A pair Lp{g) : P{Mi^aif) ~* ^i^haif) and the morphism (|3.5p gives a morphism 
of a ringed space: 

^{g) : {F{m,,aif),TT.OD2) ^ {F{Mhaif),TT,OD^) {g S A^t{R)). (3.6) 

These give an ylu<(i?)-action of a ringed space {F(Mhaif),'^*Ou2). Since we 
could restrict the morphism (j3.5p to the subsheaves Sjj2 ,f ,^, <5£|2 „ "^d^^o,*! 
and 15^2 g o; obtain Aut(i?)-actions on the ringed spaces 

(P(M,,,/),5S'2,.^J, (P(H„,z/),5S;,.,o), (3.7) 

and we denote the action also by (p. 

In a same manner we could also define C*-actions on these ringed spaces 
and we denote the action also by "0. 

By a parallel construction, we could also define Auf(i?)-actions and C*- 
actions on the ringed spaces 

(P(Hw/),Op(H.„,,))' (F(H„a//),^*OH,„,,), (3.8) 
(P(Hw/),7r,0 o ), {P{Mhaif),7r,0 ). 



mGZ 

(3.3) 
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3.2 Structure of Weyl group invariant rings 

In this subsection, we study the structure of the invariant ring. 

3.2.1 A Chevalley's type theorem 

Theorem 3.1. ( [1], [2], [4], [7], 1, [Mj ) 

The Op graded algebra Sjj2 q „ is an e'p(H^^j^)-/ree algebra, i.e. 

^S'^o,* =^^P(H.„,, '^""'] (3-9) 

for e r(P(H,iaZ/), 5^2,0,*) > c2 > • • • > c"-i > and n := I + 2. We 

remark that j of is a suffix. 

As we see in i j5.61 we reduce its proof to the works [T] , [5] , 0] , [7] , [5] , [2] . 

Corollary 3.2. 1. We have a natural inclusion morphism (rad/F)c r(P(IH/ia// 

2. Take a e rad/^ \ {0}. By 1, we regard a £ r(P(H,,aZ/), <SS'2,_i^o). We 
also have a^^ £ r(P(IHI,,a;/), <S ]^ q). Then we have isomoprhisms: 

~CKa-i]®c<SS;,o,*, (3.10) 
5S;,,,oC^C[a,a^i]®c5S;,o,o- (3.11) 

5. FFe have a canonical isomoprhism: 

^'d^,*,*-^^^.*.o®S^-, '^S'^o,*- (3-12) 

^. T/ie Ov(u^^^j)- algebras 5^2_^_^, "^S^^^^q^ "^d^o,* 0*^6 of finite presentation 
over Op(H;.„,j,). 

Proof. For 1, we first see that an element of (rad/F)c is regarded as a holomor- 
phic function on M.haif- By the morphism — s- Whaif-, we have (rad/i?)c ~^ 
T{T{Uhaif),T^*OD^)- We could easily check that it gives 1. Since a e V{f[Whai}),S% 
is a nowhere vanishing holomorphic function, wehavea^^ G T{¥{MLhaif),S^2 _i g). 
By a''S^2 f^ „i ~ <5i32 o,mj we have 2. For 3, we show that a natural mor- 
phism <S^2 H. "^^2 * ^ ^ ^ is an isomorphism. By 2, we have 

•^S^ 0^5"-, «5^2.o.* ^ (C[a,a-i](g)c5S'2.o,o)®5»-; 5^2,0,* - C[a, a"!] (8)c 

*-»^2 Q Q *-'z?2 Q 

<S^2 * — "^S^ * * • The 4th assertion is a direct consequence of S^2 o o — 
^P{vihaif)^ 2 and Theorem 13. II □ 

3.3 Relation between Weyl group invariant rings 

o o o 

We consider the spaces D^, Mhaif, D^, /W^, F{D^)/W^ as P(H,,a//)-objects 
and we denote the structure morphisms by tt. 
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Proposition 3.3. 1. By the morphisms ^haif — * ^{^haif), we regard 

the Op(jsi^^^yj -modules T^rOuh^if and Cp(Hh„,/) o,s suhmodules of ir^^OD'^. 
Then we have 

(a) 5^2 = C'p(Hft„,/), 



(b) S% C TT^Ol 



2. By the morphisms D'^-^D'^ /W'^ f{D'^)/W'^, we regard the Op(H^„,j)- 
modules n^O o and tt^O □ as suhmodules of n^^O o . We also 

regard <S^2 q,* and .S^^,*,* as a suhmodules of t:^0 Then we have 
(a) 5^2 * C TT^O o , 
(h) 5^2 C TT.O o 

3. By the ahove inclusion morphisms, we have morphism of ringed spaces: 

(P(H„,z/),Op(H,„„)) = (P(H;,„z/),5S'2,o,o)> (3.13) 
(P(H„,,/),^,Oh,„,,) ^ (P(H;,„,/),5S;,,,o), (3-14) 
{P{m,,aif),n.O o ) ^ (P(H,,,/),5g;.o,J, (3.15) 

P(-D'^)/lV2 

(P(H,,i/),^,0 o ) ^ (P(H,,z/),5g;.,.J. (3.16) 

These morphisms are all Aut{R)-equivariant and C* -equivariant. 

Proof. In Theorem 13.11 > for 1 < i < n — 1. Thus we have 1(a). By 
CoroUary and a,a"^ G T{F{Mhaif),Tr*Om„,,f), wc have 1(b). For 2, we 
could check the conditions directly. For 3, it is O.K. because our definitions of 

o 

group actions arc induced from and D^. □ 



3.4 Definition of Specan 

We remind the notion of Specan and see some properties. 

Let C be a category of ©^(jj^^j^^-algebra which is of finite presentation, For 
an object A of the category C, the analytic space Specan could be defined by 
[B]. It is characterized by a natural isomorphism: 

Hom(^„)/P(H^^,^,)(X, Specan^) ~ Homo,, (/M, Ox) 

for an object f : X ^ P(IHI;ia;/) of the category {A?i)/¥{Miiaif ), which is a 
category of an analytic space with the structure morphism to F{Mhaif)- 

Since there exists a canonical isomorphism: Hom^x (/*-4, Ox) — Homopfn^ (-^> /*C'x), 
we have 

Hom(^„)/P(H;^^,^.)(X, Specan^) ~ Romo,,^B^^^^^{A, f^Ox)- (3.17) 
We denote the structure morphism Specan^ P(Rhaif) by tt. 
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3.5 Algebraic Weyl group quotient space 

3.5.1 Definition of Algebraic Weyl group quotient space 

Wc define the Algebraic Weyl group quotient spaces by 

:=Specan5g;,,^„ (3.18) 
nD'')//W := Specan5S;^o,*- (3-19) 

The groups Aut{R) and C* act on the ringed spaces (P(EI/ia;/), <S^2 ^ and 
(P(Hha;/),'5S'2,o,*) as we see in gHOl Then a natural morphism p : D'^ //W'^ 
¥{D'^)/ /W"^ has a structure of C*-bundle. Also the group Aut{R) acts as 

p p 
nD'')llW' P(Z?2)//w/2, (3.20) 



for g e AM{R). We remark that ip{g) : D^//W^ D^//W^ and ip{g) : 
F{D^)//W^ P(D2)//W'2 are not P(EI,ia,/)-niorphisms. 

3.5.2 Relation to tiie analytic Weyl group quotient space 
Proposition 3.4. 1. We have the canonical isomorphism 

H,,„z/~Specan5g;_,^o- (3-21) 

2. We have a following natural diagram: 

p\ p| p| . (3.22) 

All morphism are Aut{R)-equivariant and both squares are cartesian. 

3. The composite morphisms of row arrows coincide with morphisms in dia- 
gram (EM- 

o o 

4. In the diagram, the morphisms j4 : D"^ / /W^ -> D^//W^ andji : ¥{D'^)/W^ 
P(I?^)//VF^ are open immersions and their images are open dense. 
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5. An element (rad7i;-)c gives a C* -equivariant holomorphic function on Whaif- 
Thus it also gives a <C* -equivariant holomorphic function on D"^ / /W"^ . 

Proof. Wc show 1. By Proposition I3.3f l)fb). wc have <5S2,*,o C tt^Oh^^j^. 
Then wc have a morphism M.haif — > Spccan<S^2 ^ q. Since it is a C*-equivariant 
morphism of the C*-bundles M.haif f(M.haif) and SpecaniS^a * q ^ P(Hha;/), 
we see that it is an isomorphism. We show 2. By <S^2 * * — S^2 ^ g ® 

«S5^2 * in Corollarv l3.2f 2) and 1, we see that the right hand side of the diagram 
is cartesian. We show 3. Since the morphism X Mhaif is determined by the 
induced mapping (radJF)c — ^ r(X, Ox), we could check that the morphisms 

o 

£)2 ^]/t/2 _^ Mhaif in this diagram and (|2.39p are same. Since the below row 
arrows of (|3.22|) arc a C*-quoticnt of the above row arrows of (|3.22p . we 

o 

have a result. We show 4. The morphisms : / /W^ D^//W^ and 
ji : P(i^2)/iy2 ^ V{D^)//W'^ could be defined by S%,^^, C t^*0^^ o^^^^^ 
and <S^2 * * C TT^O ^ in Proposition I3.3f 2)(b). By Proposition 15.61 ji : 

o 

F{D'^)/W'^ P{D'^)/ /W'^ is an open immersion and its image is open dense. 

o 

Thus j4 : / /W'^ / /W'^ is also an open immersion and its image is open 

dense. The 5th assertion is a direct consequence of 2. □ 

3.6 A tensor on the algebraic quotient space 

We assert an existence of a tensor on an algebraic quotient space D'^ / /W'^. 
Proposition 3.5. There exists uniquely an element 

I*Dy/w^ e r{Dy/W'^,p*Qp^Dn//w^ ®o^2/„,-2 P*e)p{D^)//w^) (3.23) 
such that 

We give a proof in §5.81 

By a uniqueness of I}j2//j^2 and equations (|2.40|) . ()2.41|) . we have 

^{gyihi/w^-^Ih/zw^- O^geAMiR)), (3.25) 
^{c^yihy/w- = a'''l*Dy/w- (Va G C*). (3.26) 

4 Results 
4.1 Probenius 

4.1.1 Definition of Frobenius manifold 

We remind the definition of Frobenius manifold. 



14 



Definition 4.1. ([51 p.l46, Dcf. 9.1]) A Frobenius manifold is a tuple (M, o, e, J) 
where M is a complex manifold of dimension > 1 with holomorphic metric J 
and multiplication o on the tangent bundle, e is a global unit field and E is 
another global vector field, subject to the following conditions: 

1. the metric is invariant under the multiplication, i.e., J{XoY, Z) = J{X, Yo 
Z) for local sections X,Y,Zg Qm, 

2. (potentiality) the (3, l)-tensor Vo is symmetric (here, V is the Levi-Civita 
connection of the metric), i.e., VxiY o Z) -Y oVxiZ) - Vy(X o Z) + 
X o Vy (Z) -[X,Y]o Z = 0, for local sections X,Y,Z e 8 a/, 

3. the metric J is flat, 

4. e is a unit field and it is flat. i.e. Ve = 0, 

5. the Eulcr field E satisfies LieE{°) — I ■ o and LieE{J) = D • J for some 

Dec. 

4.1.2 Definition of Intersection form 

Definition 4.2. ([3l p. 191]) For a Frobcnius manifold (M, o, e, E, J), we define 
an intersection form /* : x fi^j Om by 

r(c^l,W2) = J{E,J*{iUi)oJ*{iU2)) (4.1) 

where J* : Qm is the isomorphism induced by J. 

4.2 Conformal Probenius structure and the intersection 
form 

4.2.1 Conformal Probenius structure 

We define a notion of conformal Frobenius manifold. 

Definition 4.3. Let L ^ M be a £* -bundle. Let (o,e, J) be a tuple where 



o e V{L, p*n\j P*^M ®Ol. P*Qm), (4.2) 

e e T{L, p*Qm), (4.3) 

E e r{L, p*Qm), (4.4) 

J eTiL,p*nli(^o,P*^M)- (4.5) 

We call a tuple (o, e, E, J) a conformal Frobenius structure of p : L s- M if it 
satisfies the following conditions: 

1. For C* -action, we have 

ip{a)*o = o, i<{a)*e = e, ^(a)*^^ = E, iPia)* .J = aV (4 g) 
where ?/'(a) : L ^ L is a C* -action for a € C*. 
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2. J is non-degenerate, i.e. J gives the isomorphism 

J : p*eM ^ P*^Im. (4.7) 

3. There exists an open covering M = U\^aM\ and sections lx : Mx 
p~^{Mx) such that a tuple {Mx, t^o, i^e, t^£', J) is a Frobenius manifold 
for each A S A under the identifications 

i*xp*rt\j^rt\j^, i*xp*eMO,eM,. (4.8) 

4.2.2 A good section 

Wc dcinc a notion of a good section. 

Definition 4.4. Let p : L M be a C* -bundle and (o, e, E, J) be a conformal 
Frobenius structure. Let U C M be an open set and i : U p~^{U) be a 
section. Then we call [U, l) a good section if (U, l*o, t*e, l.*E, l* J) is a Frobenius 
manifold. 

4.2.3 Intersection form 

Definition 4.5. We define the intersection form I* E r{L,p*QM ®Ol P*^m) 
of a conformal Frobenius structure (o, e, E, J) by 

I*{uouUJ2) ^ J{E,J*{uJi) o J*{uj2)), (4.9) 

where we denote J* as an inverse of J defined in ^J^- 

We remark that for a good section {U, l), gives an intersection form for 
a Frobenius manifold (U, l*o, t*e, l.*E, l* J). 

4.3 Sufficient condition 

We prepare a sufficient condition for the existence of a conformal Frobenius 
structure with a given intersection form. 

We first fix some notations. For a trivial C*-bundle p : L M, the following 
data are equivalent: 

1. i ~ M X C*. 

2. i : M L satisfying po l ~ id. 

3. C*-equivariant morphism / : i — > C*. 

These are related as M x C* ~ L, {x,a) t-^ a ■ l{x) and L ~ M x. C*, y y-^ 
{p{x),f{y)). We denote by t(/) : M ^ L a. section which corresponds to a 
C*-equivariant morphism f : L ^ <C*. 
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We denote 



Vm r(A/, (Om)®' ®Om {^ItTn. (4.10) 

Vl := r(L, {p*QMr' {p*^Mm. (4.11) 

Vl := {u (^VL\i}{a)*uj = a^Lj}. (4.12) 

We put 

^ -.Vm ^Vl, uj^ p*io (4.13) 
be a natural morphism. The following lemma is easy. 

Lemma 4.6. Let p : L ^ M be a trivial C* -bundle. 

1. ^ induces an isomorphism Va/ ~ V^. 

2. Let t(/) be a section which corresponds to a C* -equivariant morphism 
f : L ^ C* . Then for any k G Z, the following isomorphisms 

Vm 0^ V^, Lu ^ f^p*co, (4.14) 
V^^Vm, Lu^iifyco (4.15) 

are inverse to each other. 

3. Let g : L ^ C* be a C* -equivariant morphism. Then for uj G V^, we have 

i{9)*^ = [flgfiifTu:, (4.16) 

where we regard f / g as a holomorphic function on M . 

By a correspondence given in Lemma 14.61 have a following sufficient 
condition for a existence of a conformal Frobenius manifold with an intersection 
form. 

Proposition 4.7. Let p : L —t M he a trivial 'C* -bundle. Let t(/) be a section 
which corresponds to a £,* -equivariant morphism f : L C* . Let I* be an 
element of T{L,p*eM ®Ol P*Qm) with i'*{a)I* = a-'^I* for a e C*. We 
assume that (M, o,e,-B, J) is a Frobenius manifold with an intersection form 
i* I* . Then (p* o ^ p* e, p* E , f^p* J) gives a conformal Frobenius structure with an 
intersection form I* . 

4.4 Existence of a conformal Frobenius structure 

We assert the existence of a conformal Frobenius structure oi p : D'^ / /W'^ — > 
F{D'^)/W'^ with suitable conditions. 

We first define a Euler operator on P{D'^)/ /W'^ . For a local section / of 

Cp(n2)//n/2, we put 

P f -1 1 r y(P(^))*/-./ ..17^ 
EriD^Z/w^f .= — — ^Imr . (4.17) 
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Then £Jp(£)2)//vi'2 gives a holomorphic vector field on P(D^). For the oriented 
eUiptic root system with Az ^ 0, the condition > is called "codimension 
1" in [TT], where and are defined in Theorem 13. II 

Theorem 4.8. // the oriented elliptic root system with Az 7^ satisfies the 
condition of codimension 1, then there exists a conformal Frobenius structure 
(o, e, E, J) of p : I jW"^ ¥{0"^)/ /W"^ satisfying the following properties: 

1. Its intersection form coincides with I'^2 1^2- 

2. Its Euler field coincides with Ep(^£)iy /-^y^ under the identification of Lemma 

For a proof, wc give it in ij5.9l 

4.5 Uniqueness of a conformal Frobenius structure 

We assert that a conformal Frobenius structure of p : D^/ /W'^ —> P(D^)//W^^ 
is unique up to C* multiplication under some conditions. 

Theorem 4.9. Let (o^e, E, J), (o' , e' , E, J') be conformal Frobenius structures 
of p : D^//W^ F{D-^)/W^ which satisfies conditions of 1 and 2 of Theorem 
\4-^ We also assume that they have global good sections. Then there exists 
c £ C* such that 

(o', e', E, J') = (c^^o, ce, E, c'^J). (4.18) 
For a proof, we give it in ijS.llI 

4.6 Good sections 

We classify good sections of a conformal Frobenius structure of Theorem 14.81 

Proposition 4.10. We fix a conformal Frobenius structure of p : / /W"^ — > 
P(L>2)//H^^ 

1. For any f € (rad/F)c\ {0}, it defines f : / /W^\{f = 0} ^ C* and the 
corresponding section L{f) : F{D'^) / /W"^ \p{{f = 0}) ^ D"^ / /W'^ \{f = 
0}. Then t{f) is a good section. 

2. Let (U, l) be a good section of this conformal Frobenius structure. Then 
the exists uniquely an element f G (rad/F)c \ {0} such that l = 

For a proof, we give it in ij5.12l 

4.7 The automorphism group action 

We_discuss a transformation of a conformal Frobenius structure by the action 
oiAut{R) on D'^//W'\ 
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Proposition 4.11. We fix a conformal Frobenius structure {o,e,E,J) of p : 
D"^ / /W"^ ¥{D'^) / /W'^ . Then there exists the group homomorphism 

X ■■ AM{R) C* (4.19) 

such that 

(^(g)*o, ^{g)*e, ^{gfE, ^{gf J) = (x(<?)"'°, x(ff)e, E, xig^J) (4.20) 
for any g £ Aut{R). 

Proof Wc fix g € Md{R). We see that {(p{g)*o,(p{g)*e,ip{g)*E,ip{g)*J) is a 
conformal Frobenius structure of p : / /W"^ P(_D^)/ /W'^ with intersection 
form (p{g)*I'^2//w2- By p.25p, we have ip{g)* 1^2 / /w^ = loy/w'-'- ^^^e 
E — Ep(^o2y i^r2 and Ep(^£,2y |y^r2 is a center of Aut{R), we have (p{g)*E = E. 
Then by a uniqueness of Theorem 14.91 we see that 

(^(5)*°, ¥'(5)*e, ^{gTE, ifigyj) - (c(.g)-io, c(5)e, i?, c(.g)-V). (4.21) 

for some c{g) e C*. Since ip{g)*e ~ c{g)e and e 7^ 0, c(g) is uniquely determined 
and c{g) satisfies c{gg') = c{g)c{g'). We put xig) c(g). Then we have a 
result. □ 



5 Proofs 

5.1 Domains for a signed marking 

Hereafter we fix an element a G A^. We take b e rad/p such that a,b is an 



oriented basis. We put 

Da:={xeD\{a,x) ^1}, (5.1) 

Dl:=DanD^, (5.2) 

H, :={.xeHft,,/|(a,a;) = l}, (5.3) 

F^:^{xeFl\Ip2{a,x)=Q}, (5.4) 

(Fc°)* :=Homc(Fc",C), (5.5) 

L*^ := {x G (i^^)* I (a,x) = 1, Im(5,x) > 0}. (5.6) 



The spaces Da, and are complex manifolds with natural M^^-action and 
i^C-action. The space does not depend on the choice of & e radlp- 

Remark 5.1. We remark that gives a complexification of a hyperbolic ex- 
tension defined in fllf . Thus D\ corresponds to a space E defined in \1 If . 
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We have a natural diagram: 



Dl < Dn < D'l 



D > M,.„,, • (5.7) 



half 
P 



All three squares are cartesian. This diagram is M^^-equivariant and /^c-equivariant. 
We also remark that the morphisms 

hoh-.Dl^Dl poz:Dl^¥iD') (5.8) 

are isomorphisms. 

5.2 A tensor on the domain 

We define holomorphic metrics on and D^. We put 

Idi i*J*ilD e nDln\,, ®o^. ^Di), (5.9) 
IdI := (/2 o hflDi e T{Dln\,, ®o^, ^Di)- (5.10) 

By a proof of Proposition 12. 7i I £,2 is non-degenerate. Since /2 o /i is an isomor- 
phism, /jji is also non-degenerate. We define their duals: 

I*o.(.T{DIQd2®o^,Qdi), (5.11) 
roi^^T{Dl,QDi®o„,^QDi)- (5.12) 

We remark that I^i is VF^-invariant. The following Proposition gives a charac- 
terization of the tensor /^i . 

Proposition 5.2. For any x £ D\, we have a canonical isomorphism T*D\ ~ 
F^/Ca and we have a commutative diagram: 

(/|,0x: T*DlxT*Di > C 



II II , (5.13) 

I^s/Ca ■■ F^/CaxF^/Ca > C 



where Ipg/Ca C-bilinear mapping induced from Ip2. 
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Proof. Take y £ such that /2 o = x. Then we have 



(5.14) 



and a canonical isomorphisms: 



(/2 



Tin f, ri.^i* 



(F2/Ca)* 



■I 



(5.15) 



(5.16) 



(F^/Ca)* ' <^'^- 

From this, we have 

ker[(/2)H. : Tf^(y)Da T^Dl] = ra.d{i* Id) f,{y). 

Then {i*lD)f^(y) induces a C-bihnear form on T^D^. We see easily that it 
coincides with I^i because Idi could be written as (/2 o fi)* f*i*lD- □ 

Remark 5.3. By this Proposition, we see that a tensor I^i coincides with a 
tensor /| defined in Ulf under the identification D\ ~ E. 

Remark 5.4. We also comment of a relation to the work In the diagram 

(5/^, the group Aut{R) acts on p : D"^ ^ V{D'^). But by g £ Aut{R), Dl goes 
to Dg^^y So we do not have a natural Aut{R) action on nor D\. By the 

identification of and D\ with P(Z?^), we have an Aut{R)-action on and 
D\. Then the tensors and admit a conformal transformation by this 
action. This explains the reason of the appearance of a conformal transformation 
in the work of fT^. 



5.3 Open subset of the domain and its analytic Weyl group 
quotient space 

We put 

Dl:^{xeDl\{a,x)^0{yaeR)}, 
Dl:={xeDl\{a,x)^0{\faeR)}. 

o o 

The group W'^ acts on D^, D\ and we have a diagram: 

Dl < — Dl — > nh 



(5.17) 
(5.18) 



(5.19) 
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which is M^^-equivariant. 

o o o 

Proposition 5.5. The group acts on D\, D^, P(£)^) properly discontinuous 
and fixed point free. 

o 

Proof. We need only to show it for D^. By Remark (|5.ip . we should prove for 
the domain E in [TT] . It is proved in [TT] . □ 

5.4 A tensor on the analytic Weyl group quotient 

o o o o 

Since J3 -.Df^^Dl /W'^ and J3 -.D^-^D^ /W'^ are etale, there exist uniquely 

/*o er(z?2 /iy2,e o ®Oo 0= ), (5.20) 

o 

1*0 eT{Dl/W^,eo ®o„ 0° ) (5.21) 



such that 



n =^3/0 , n -j3*/c . (5.22) 



5.5 Weyl group invariant ring 



o o 

By the diagram (|5.7p . we regard Z?^, D\ and Ha as P(H/ia//)-objccts and we 
denote the structure morphisms by tt. Wc put 

S^l^U) := {/ e ^.Odi (U) I ifigTf = / (Vg e W^^)^ (5 23) 

^(p(t))*/ = e-2"™*/(VteC)}, 

•5Di,m(t^) {/ e (t^) I vigTf = / (V.9 e W% (5.24) 

^(p(t))*/ = e-2™„t^(y^^q|^ 

5^1 := ^*Oh„ (5.25) 

for an open set U C P(H/ia//). We define the C'p(e^^jj.)-gradcd algebras by 

•^S^.* ffimez^Sa iS^i „ := ©mgz«55^i^TO. (5.26) 

5.6 Reduction of a proof of Theorem 13.11 to the previous 
works 

Since C'p(H^^jj,')-graded algebras 5^2 ^,, S^i ^ and «5^2 q,* are isomorphic, we 
need only to show Theorem 13. II for S^i ^, which is already shown in [T], [5], [1], 

H, E], mi. 
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5.7 Algebraic Weyl group quotient spaces 

We define the Weyl group quotient spaces by 

DlllW'' := Specan<SS2,„ (5.27) 
D\IIW^ := Specan<Sg;,,. (5.28) 

These spaces are related to the spaces which we defined in the previous sections. 
Proposition 5.6. 1. We have a canonical isomorphism: 

H<j ~ Specan5jf^. (5.29) 

2. We have a following natural diagram: 



D2 i^r2 
P 

P(I?2)/H^2 



J4 



J4 



J4 



DlllW^ 
Dll/W^ 

•1 

p(7:>2)//M^2 



(5.30) 



p 

P(Hfta//) 



These squares are all cartesian. 
3. j4 are all open immersion and the image is open dense. 



4- By Proposition \3.4^ 5), a € defines a C* -equivariant morphism a : 
D'^/fW'^ — > C*. By a correspondence in ^4-3\ it defines a section t(a) : 
V{D'^)//W'^ ^ D^//W^. We have t(a) ^io{poi)-^. 

Proof. A proof of 1,2 arc parallel to Proposition l3.4l For a proof of 3, wc should 

o 

only prove it for -.D^ /W"^ D\/ jW"^ . By the identification in Rcmark l5.1|, 



we reduce it to the corresponding result, which is shown in See also (3.12) 
and below of [l3j. The 4th assertion is a direct consequence of 2. □ 

5.8 Proof of Proposition 13.51 

Proposition 5.7. There exists uniquely 

Ihi//w- e ^{Dl/fW^, Qdi//w- '»o«2//„.2 Qdiz/w-), (5.31) 
Ihi/fw^ e ^{Dl/fW^ Qdiz/w^ ®o,^,^„, Qdi//w-) (5.32) 
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such that 



jlI*Di//w- J4^Di//w2 (5.33) 



Proof. For the existence of I^^i ^^f2, we proved in |13| under the identification 
in Remark O ESI We put 

I*Di//w^ ■= (ho hyiiii/fw^- (5.34) 
Then we have the result. □ 
We define a tensor I'^2//w2 by 

I*Dy/w^ ■= a^^P*iiP°^y^yi*D^-//w^- (5-35) 

Then we have 

= a^"^?* {{p ° iy^y iii*Di/ /w^ 
= a-Y{{pot)-'yn 

= a-^p*{io{poi)-^)*I\ 
= a-^p*L{ayi\ 

= r 

where we use the correspondence in Lemma 14.61 for the last equality. 

o 

Since / /W'^ is open dense in D'^/fW'^, the uniqueness of I^2/f^r2 is 
apparent. Thus we obtain a proof of the Proposition 13.51 From the definition 
of 

have the following easy consequence. 
Corollary 5.8. By the identification i*p*Qr(^£,2y /\y2 ~ Q£i2//\y2, we have 

**^D2//H'2 = ^D2//VF2- (5.36) 

5.9 Proof of Theorem 14.81 

. By the identification in Remark lS.ll and [5T51 we have a following result by [T3]. 

Theorem 5.9. The space D\/ /W'^ has a structure of Frobenius manifold {D\/ /W'^ , o, e, J) 

whose intersection form is I*jj2 j 1^2 and E = Ejji / /\y2 , where we define Ejji / /n/2 

by 

EDU/w^f ■= — ^^Inn (5.37) 

for a local section f G Oj^i j /\y^ . We also assert that 
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1. J(e) G C*d{b/a), 

2. d{b/a) is flat for ^ 

where we regard h/a as a holomorphic function on D\/ /W'^ . 

Here we identify the operator Ej^i / /•^2 with the operator in |13j by the 
Remark [2H 

By the isomorphims 

D\IIW^ Dl//W^ ^ Pp2)//p^2 (5 

in the diagram (j5.30|) . we introduce the structure of Frobenius manifold on 
P(£'^)//M^^. Its Euler field is £^p(£)2)//ty2 because the diagram (|5.30p is K^- 
equivariant. Its intersection form is 

{(po i)-l}*(/2 o flYlDij/w^ 

={{voi)-'Yi*D.,,w^ {■: (EMU) 

={{vo^r^yT-*I*Dy/w- (■•■ CoroUaryEll) 
—i{a)*I*^2 1 f^,-2 (•.■ Proposition l5.6r 4)'). 

Then by Proposition 14. 7[ we have a proof of Theorem 14.81 

5.10 Deformation of holomorphic flat metric 

We give two Propositions. First is well-known and could be proved directly. 

Proposition 5.10. Let M he a complex manifold with dimension n > 3. Let 
g, g' be flat holomorphic metrics on the complex manifold M satisfying 

g' = a^g (5.39) 

for a nowhere-vanishing holomorphic function a. Then a must be of the form 

1. is constant, 

2. (7^^ = gij (a;* — c') {x^ — c-') for a flat coordinate , ■ ■ ■ , x" with respect 
to g and d (1 < i < J^) 

3. a-^ = c- J2i bix' for c, 6; G C (1 < i < n) satisfying g* {da''^ , da~'^) = 
for a dual metric of g. 

The following proposition is a Frobenius manifold version of the above propo- 
sition. 

Proposition 5.11. Let {AI, o, e, E, J) be a Frobenius manifold with dim Af > 3, 
J(e,e) = 0. Let a : AI C* be a holomorphic function. 

(1) {M,o^ E, Ja- '■= a^J) is a Frobenius manifold if and only if a is homoge- 
neous with respect to E and d{a^^) = cJ{e) for some c G C. 

(2) If Lies J = D- J, then LieE{<J^J) = (2 - L»)crV. 
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Proof. We give a proof "if" part of (1). We check the conditions of Frobcnius 
manifold. For a property of multiphcation invariance of metric : 

J„{XoY,Z) = J^{X,YoZ), (5.40) 

it is O.K. by J{X oY,Z) = J{X, Y o Z). 

For a property of potcntiaUty, wc should prove that 

V5:(r oz)- v^ix oZ) + Xo v^(z) - y o vj(z) - [x, y]oz = o (5.41) 

for the Levi-Civita connection for a metric J^. 

Let V be the the Levi-Civita connection for a metric J. Since the relation 
of and V are known as 

^xiY) - VxiY) = aiX)Y + (X A U){Y) (5.42) 

where 

a := — , U := J(a), {X A Y){Z) := J{Y, Z)X - J{X, Z)Y. (5.43) 
cr 

The equation (|5.4ip holds if we replace with V. Then we have 
LHS of (ICTll 

=a{X){Y oZ) + {X A U){Y o Z) - a{Y){X o Z) - [Y AU){X o Z) 

+ Xo {a{Y)Z) +Xo[{Y A U){Z)] -Y o {a{X)Z) -Y o[{X A U){Z)] 
= {X A U){Y o Z) - [Y AU){X o Z) + X o[{Y A U){Z)] - Y o[{X A U){Z)] 
=JiU, Y o Z)X - J{U, X o Z)Y - J{Y, Z)X oU + J{X, Z)Y o U. 

Here we used the property that a product o is function linear, commutative. 
We also used that a metric J is multiplication invariant. 

Since C/ = -cere, we have J{U,YoZ)X = J{Y, Z)XoU and J{U,XoZ)Y = 
J{X, Z)Y o U. Thus we see that holds. 

For a property of flatness for J^-, we remind the relation between the cur- 
vature tensor of J and J^. Let R (resp. i?°') be a curvature tensor of J (resp. 
J a). Then 

R'iX, Y) = R{X, Y) - {B{X) AY + X A B{Y)), (5.44) 

where B{X) := ~a{X)U + V x{U) + \a{U)X, with a, U are defined in (I05D . 
We have R{X, Y) =Q since J is flat. 

In order to show that B{X) = 0, we show that a{U) = and —a(X)U + 
Vx{U) = 0. The former part is as follows. a{U) = J[U,U) = c^a'^ J{e,e). 
Since J(e, e) = 0, we have a{U) = 0. The latter part is as follows. —a{X)U + 

Vx{U) = ^l^-i^ U + VxiU) = aVx{(y'^U) = -ccrVx(e) = 0. Thus we have 
B{X) = 0. Thereby R''{X,Y) = 0. 

For a property V^e = 0, we use the equation 

Vx(e)-Vx(e) = a{X)e+{X AU){e) = J{U,X)e+J{U,e)X-J{X,e)U. (5.45) 
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First we have Vx(e) = 0. Since U = —cue, we have J{U,X)e-- J{X,e)U = 0. 
Since J{U, e) = —ccr{e, e) = 0, we have Ve = 0. 

For a property of homogeneity conditions LieE{Ja) = Ja, wc obtain it be- 
cause LiesiJ) = J LieE{o') = 0. 

We give a proof of "only if" part of (1). We assume that (M, o, e, E, J„) is 
a Frobenius manifold. 

We first show that U = fe for some / € r(A/, Cm). By the conditions 
Vxe = V3(-e = and ^EZB, we have 

J([/, X)e + J{U, e)X - J{X, e)U = 0. (5.46) 

We substitute X = e, we have 2J{U, e)e ~ 0. Since e 7^ 0, we have J{U, e) = 0. 
By (|5.46p . we have J{U,X)e = J{X,e)U. Since J is non-degenerate and flat, 
we take X such that J{X, e) is non-zero constant. Then we have U = fe for 
some / e T{M,Om)- 

Wc show that t/ = —cere for some c e C. By ()5.44p . we have 

B{X) AY + X A B{Y) ^0. (5.47) 

We could easily check that if dim A/ > 3 then ()5.47|) imphes that B{X) = 0. 
Since U = fe, a{U) = J{U,U) f'^J{e,e) = 0. Thus we have -a{X)U + 
Vx{U) = 0. Since -a{X)U + V x{U) ^ aVx{cr-^U) = aVx{cr~^fe) = 
aX{a^^ f)e, we have a^^ f = — c for some c G C. Thus we have a result. 

For a proof of (2), we see that Lie_E(J(e)) = {D — 1) J(e). Then we have 
LieE{cr) = (1 - D)a and LieEicr^J) = {2-2D + D){a^J) = (2 - D){a'^J). □ 

Corollary 5.12. For a conformal Frobenius manifold (o, e, F, J) of a ^1* -bundle 
p : L ^ M , we assume that L{f) is a good section for a <C* -equivariant morphism 
f : L <C* . For g : L ^ C* : a C* -equivariant morphism, L{g) is a good section 
if and only if 

d{{f/g)-^)^cWrJMfYe) (5.48) 

for some c G C. 

Proof. Since i{g)*J = [f I gY t.{f)* J by Lemma WM we obtain the result. □ 
5.11 Proof of Theorem 14.91 

Wc may assume that (o, e, E, J) be a conformal Frobenius structure constructed 
in fJSJl Then it has a good section t(a). Let h : D'^/fW'^ -> C* be a C*- 
equivariant mapping whose section t(/i) is a good section of (o', e', E, J'). 

Lemma 5.13. By the embedding (rad/i?)c ^ T{D'^ / /W'^,0[)2//yy2) in Propo- 
sition \3.4^ 4 )j h is the image of this embedding. 

o 

Proof. OnP(£)^)//iy2, i-ih)* rjj2 / and t(a)*/^2/ /^;i/2 arc non-degenerate dual 
metric. Also they are flat because the intersection form of the Frobenius mani- 
fold is fiat ([3 p.191]). 
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Since 

L{hy 1*^2 ^ /W2 = {a/hr^i.ia)*r^2//w2 (5.49) 

by Lemma 14. 6[ we apply Proposition 15.1(71 and we see (h/a) must be constant 
or suitable quardic or a suitable affinc function with respect to flat coordinates 
for b{a)* I'^2 f /Y/'^- Also h/a must be an element of S^2 q , because the tensors 
i-ih)* 1*^2 / ^-^2 and i{a)* I'^2 / ^^^^2 arc homogeneous. 

By the isomorphism P(L>2)//H^2 ^ Dl//W^ of the diagram (jOOl) . t(a)*/|,2//vi/2 
corresponds to I'^i//^y2 on D^//W'^. Since flat coordinates for I'^i^/yy^ 
affine coordinate of D^, we see that h/a must be of the form x{h/a)a + y for 
h G (rad/i?)c \ Ca and x,y G C Thus we have a result. □ 

We remind the fact. For a Frobenius manifold (A/, o, e, i?, J) with intersec- 
tion form /*, we put 

J'Miv) := {uj en\j\LieyUj = 0} (5.50) 

for V G r(M, Qm)- In [ISl Proposition 5.1], wc have shown the fact that 

e2r(c^i,c^2) =0, (5.51) 
er(coi,c^2) = J*(wi,^2) (5.52) 

for LUi,LU2 G We have a following Lemma. 

Lemma 5.14. For a conformal Frobenius structure {o',e',E, J'), we have 

ii{are'f[L{arro2//w2{u;i,L02)] = (5.53) 
for Ll>i,uj2 G J^p(£,2)//vi/2((,(a)*e'). 

Proof. Since (P(i:>2)//p^2^ ^(^j)*^/^ ^(^-)*g/^ ^(^j^*^^ ^^^j^* j/^ Frobenius man- 
ifold with intersection form t(/i)*/|)2//^y2, we have 

{L{hre')^[L{hrr^2^^vv^{m,V2)] = (5.54) 

for 771,772 G J^p(r,2)//n.2(t(/i)*e') by (|5.5ip . 

Since L{a)*e' — L{h)*e' and t(a)*/^2//^y2 = [h/ a)^'^ b{h)* 1*^2 / /,^2 by Lemma 
14. 6[ we have 

{L{aye'f[i{ayrjj2//w2 (wi,W2)] 
^{L{hye'f[{h/a)-\{h:)*I},2,,w2{ui,uj2)] 
^{h/a)-\L{hye'f[L{hyiD.,,w^{^i.^2)] 

for wi,a;2 G Jii>(£)2)//n/2(t(a)*e'), where we used the fact that (t(/i)*e')(/i/a) = 
because its degree is negative with respect to the Euler field i{hyE by Lemma 
[5131 □ 
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Lemma 5.15. There exists c G C* such that e' = ce, J' = c ^ J. 

Proof. Since {P{D'^)/ /W'^,L{a)*o,L{a)*e,L{a)*E,L{a)*J) is a Frobenius manifold 
with intersection form t(a)*/|,2//i4/2 , we have 

Wa)*e)2[,(a)*/^.//^y.(a;i,a;2)] = (5.55) 

for uji,uJ2 G Tp(^D2y/w2{L{a)*e) by (|5.5ip . 

As we have seen in [TT], a non-singular vector field v E / /W'^ of degree 
— 1 satisfying 

"^^Di/Zw^l^i'^a) = (5.56) 

for uji,uj2 <= •^Di//M/2(u) is unique up to C*-multiplication, see also [HI (4.13)]. 
By Lemma \57\A\ and ()5.55p . we have i(a)*e' = ct(a)*e for some c € C*. 
By we have 

(;,(/i)*e')(t(/i)*/^2//vi'0(^i>^2) = (''(^)V)*(wi,W2) for Wi,t^2 S .f"p(D2)//v^2 (t(/i)*e'), 
{L{a)*e){L{ay I^2//w2){uji,uj2) = ('-(a)* J)*(wi, ^2) for Wi,t^2 e •^p(d2)//w/2 (t(a)*e). 

Since L{h)*e' = i[a)*e' = ci(a)*e, we have T{i[h)*e') = T{L{a)*e). Then we 
have 

= {i{ay e){L{a)* 11,2 / /w^){uji,uj2) 
=c"\t(/i)*e')[(/i^/a^)t(/i)*/^2//vi'2](^i;^2) 
=c-i(/iV«')(^WV)*(^i,u;2) 
=c-\i{aYJ')*{uJi,oj2) 

for Ci;i,a'2 G jr(6(a)*e). Since J-'(i(a)*e) is sufficient to determine the tensor 
([11]), we have (t(a)* J)* = c~^(t(a)* J')*. By the correspondence of Lemma 
we have e' = ce and J' ~ c^^ J . □ 



Lemma 5.16. t(a) is a good section of {o' ,e' , E, J'). 

Proof. BvLemma l5.13[ h e (rad/F)c- By Theorem l5.9[ d{b/a) = const. {L{a)* J){L{a)*e). 
Thus we have d{h/a) = ci(i(a)* J)(t(a)*e) for some ci e C. Then we have 

d[(/i/a)-i] = ^{h/ay^dih/a) 

= -(Va)"'[ci(t(a)V)(t(a)*e)] 
= -ci(t(/i)V)(t(/i)*e) 

= -ci(t(/i)V)(i(/i)*e') (■.■ LemmaEini). 

Since t(/i) is a good section, we apply the Corollarv l5.12[ then we have a result. 

□ 
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We give a proof of TheoremSH Then {¥{D'^)//W'^, t(a)*o, i(a)*e, L{a)*E, L{a)* J) 
and {f{D^)//W^, i(a)*o', i(a)*e', t(a)*£;, i(a)* J') are Frobenius manifolds whose 
intersection forms are (.(a)*/^2//^y2 • Since we proved in [T3] that Frobenius 
manifold structure whose intersection form is I^i / /j^2 and Eulcr field Ejji j jy^i 
is unique up to C* on D\l jW"^ , we also have 

(i(a)*o, t(a)*e, L{a)*E, L{a)* J) =- (c-ii(a)*o', ct(a)*e', i(a)*S, c-ii(a)* J') 

(5.57) 

for some c G C*. By the correspondence in Lemma 14.61 we obtain the result. 
5.12 Proof of Proposition 14.101 

By a uniqueness of a conformal Frobenius structure, we may assume that 
(o, e, J) is a conformal Frobenius structure constructed in i i5.9l Then (/,(a)* J)(t(a)*e) 
equals to d{b/a) up to a constant multiple by Theorem [SHI Since i(a) is a good 
section, we apply CoroUarv 15.121 and we have a result. 
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